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INTEODUCTION. 

In a paper communicated to the Eoyal Irish Academy {" The Theory of Screws — a geo- 
metrical study of the kinematics, equilibrium, and small oscillations of a rigid body," 
Transactions of the Eoyal Irish Academy, vol. xxv. p. 157) the chief features of what the 
writer has ventured to call the Theory of Screws were sketched*. It is the object of the 
present paper to give some further extensions and applications of that theory. The 
chief point which it is now proposed to illustrate is the appropriateness of the method 
to many problems in the dynamics of a rigid body. This will, to some extent, appear 
from the analogy subsisting between the conceptions of the theory and the familiar 
notions to which the conceptions degrade when the rigid body degrades to a particle« 
It should also be remarked that the complete generality of the method with reference 
to forces and constraints gives rise to many theorems of great interest, which could 
hardly be enunciated without the ideas which the theory embodies. 

A screiv is a straight line in space with which a definite linear magnitude termed the 
pitch is associated. The pitch may have any value from — co to + Q^ • A. body is said 
to receive a twist about a screw when it is rotated about the screw, and is at the same 
time translated parallel to the screw through a distance equal to the product of the 
pitch and the angle of twist. 

A wrench about a screw consists of a force and a couple : the force is along the screw, 
while the axis of the couple is parallel to the screw ; and the moment of the couple is 
the product of the force and the pitch of the screw. 

* Eeferences to the former paper are enclosed in square brackets thus — art. [12]. Eeference to the articles 
of the present paper are enclosed in semicircular brackets thus — art. (12). 
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As a vector expresses the entire conception of the movement of a particle from one 
position to another, so a twist expresses all that is involved in the movement of a rigid 
body from one position to another (Chasles). 

As a force expresses the resultant of a number of forces applied to a particle, so a 
wrench expresses the resultant of a number of forces applied to a rigid body (Poii^sot). 

If a body receive a twist about the screw A, and then a twist about the screw B, the 
resulting position could have been produced by a twist about a third screw, C. 

The three screws A, B, C lie upon the " cylindroid," a conoidal cubic surface of which 
the equation is 

The pitch of the generator which is inclined to the axis of x at the angle 6 is 

^+mcos25, 
where jp is an arbitrary constant. 

I. 0^ THE YIETUAL COEFFICIENT OF A PAIE OF SCEEWS. 

1. Definition of the virtual coefficient. — If a body receive a twist about a screw A, 
of pitch a, through a small angle a, while acted upon by a wrench P about the screw B, 
of pitch by the quantity of energy expended is [art. 18] 

a . P . [(a+^) cos Q— 6? sin fl], 

where d is the length of the common perpendicular to A and B, and Q is the angle 
between A and B. 

Perhaps the simplest rule to distinguish between Q and its supplement is the following. 
Suppose the common perpendicular to be a screw, in the ordinary sense of the word, and 
that there is a nut on this screw to which A is attached. If, then, the nut be turned so 
as to make A approach B (that is, to make the length of the common perpendicular 
diminish), the angle through which A has turned when it has become parallel to B is 
the angle 6. 

It is a remarkable consequence of the symmetry of this expression, that precisely the 
same quantity of energy is required to twist a body about B, through an angle cu, against 
a wrench P about the screw A. 

The quantity within the brackets may be called the virtual coefficient of the pair ot 
screws. In the former paper considerable application was made of the case where the 
virtual coefficient vanished, and the screws were then said to be reciprocal [ait 18]. 
We now proceed to show some results which can be derived from the reciprocal character 
of the expression in cases where the virtual coefficient does not vanish. 

2. Analogy of the composition of rotations to the composition of forces. — It is a matter 
of great interest that angular velocities are compounded like forces, and translations like 
couples. The source of the analogy in the general principles of virtual velocities has 
been traced by Eodrigues (Liouville's Journal, t. 5, 1840, p. 436). In the former paper 
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[art. 16] this analogy was generalized into a theorem, which asserted that twists and 
wrenches are compounded by the same laws. We can now show that this theorem is a 
consequence of the reciprocal character of the virtual coefficient. 

3. Source of the identity of the rules for the composition of twists and the composition 
of wrenches. — Let L, M, N be three screws, about which wrenches X, Y, Z equilibrate. 
Take any known screw S^ ; let A^, B^, C^ be the virtual coefficients of S^ with L, M, N. 

If a body receive a small twist oj about S^ the quantity of energy expended must be 
zero, since the three acting wrenches equilibrate; but the energy consumed is the 
algebraical sum of fi^XA^, o^YB^, ryZC^, whence we deduce 

XA^+YB^ + ZC^=0; 

six of the equations obtained by giving different values to m will determine the values 
of X, Y, Z, and also the conditions which must be fulfilled by the positions and 
pitches of the three screws L, M, N. These conditions we know [art. 16] are only 
fulfilled when L, M, N lie upon the same cylindroid. When six equations of this type 
are satisfied, then all similar equations must also be satisfied. 

Let it now be proposed to examine the conditions under which three small twists 
a, |3, y about the same screws L, M, N can neutralize each other ; in other words, that 
the last twist shall restore the body to the same position which it occupied before the 
first. The total quantity of energy expended in the three twists against a wrench F on 
any screw S^ must be zero ; hence the algebraical sum of the three quantities, aFA^, 
^FB^,«yFC^, must be zero, or 

aA^+/3B^+yC^~0. 

We thus see that the quantities a, 3, y must be proportional to X, Y, Z, and that the 
conditions to be fulfilled by L, M, N are precisely the same in both cases. 

4. On the component wrenches about six screws of reference into which any wrench may 
he resolved. — The properties of the virtual coefficient enable us to calculate with faci- 
lity the magnitudes of seven wrenches about seven screws which equilibrate, or, in fact, 
to resolve a wrench into six wrenches about six given screws^ [art. 46]. 

Let Ai &c.. A; be the given screws, and X, &c., X^ the required wrenches. Let S 
be any screw and E^ be the virtual coefficient of S and A^. If the body receive a twist 
0) about S, the quantity of energy expended must be zero, and therefore 

R1X1+&C. +^7X7=0; 

six of these equations would determine the ratios of Xj &c., X7. By judicious selection 
of S the process is greatly simplified. If S be reciprocal to X3 &c., X7 (art. 5), then 
E3 &c., K7 vanish, and the equation 

KiXi + ^2X2 
determines the ratio of X^ and Xg. 

* The problem of resolving a force along six given lines, where the lines form the edges of a tetrahedron, has 
been solved by Mobiijs (Creole's Journal, t. xviii. p. 207). 

MDCCCLXXIV. I) 
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It follows, from art. (3), that precisely the same investigation determines seven twist 
velocities about seven screws which neutralize each other. 

11. COEECIPEOCAL SCEEWS. 

5. On a ^roperf^ of Jive twists analogous to a pro;perty of two vectors. — That one 
vector y can be determined, which is perpendicular to two given vectors a. jS, is a 
proposition to which an analogue may be found in the Theory of Screws. The 
mechanical equivalent of the simple vector theorem just referred to expresses that a 
force directed along the vector y is unable to disturb the equilibrium of a particle only 
free to be displaced parallel to a and ^, or, in fact, to move in the plane of a and /3. 
We may state the result thus : a particle which has only one degree short of absolute 
freedom can only be in equilibrium when the force acting on the particle occupies one 
position. 

To the theorem expressed in this manner, we have an analogous proposition in the 
Theory of Screws: a rigid body which has only one degree short of absolute freedom 
can only be in equilibrium when the wrench acting on the body is about one determi- 
nate screw. This is demonstrated as follows. The body having only one degree short 
of absolute freedom must be capable of twisting about five screws [art. 94]. Any 
wrench which is unable to disturb the equilibrium of the body must be reciprocal to 
the five screws; and since a screw is determined by five elements, only a finite number 
of wrenches fulfilling this condition are possible. Now, as pointed out [art. 451, that 
number must be one ; for if there were two, then every screw on the cylindroid deter- 
mined by those two would fulfil the conditions [art. 211, and the number would be 
infinite. 

6. Calculation of the single screto reciprocal to Jive given screws, — ^Let one of the five 
given screws be typified by 

while the desired screw is defined by 

-^=--^~-—~ (pitch =g). 
The condition of reciprocity (art. 1) produces five equations of the following type: — 

^[(? + ?^)%+ yjcVic — I^a] + /3[(§ + Qk% + « A — ya] 

From these five equations the relative values of the six quantities 

Qj, j3, y, "Ylf —^^^ az^ — yx\ ^x^ — ay^ 
can be determined by linear solution. Introducing these values into the identity 

£^(y/— ^09+^(^^'•~Q/«^'')+y(^^'~"^/)=o5 

gives the equation which determines g. 
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To express this equation concisely we introduce two classes of subsidiary magnitudes. 
"We write one magnitude of each class as a determinant. 






gA+z,a.i—X,'y„ g.y^+xA—y.ct,, . a„ ^ 



5? /5 



P. 



By cyclical interchange the two analogous functions Q and E are defined. 



f 232 + ^2%' 
§535 + ^5^5 • 






•^2^29 
-3/30^39 



§ 



1^15 



§3^35 
§5^53 



3» 



7i 

73 
74 

7s 



' Jl«>jf* 



?2r2 + ^^232' 
?3y3 + ^333' 
§474+^434" 
§575+^635 

By cyclical interchange the two analogous functions M and N are defined. 
The equation for g* reduces to 

(p24.Q2+E2^^+PL4.QM+EN=a 

The reduction of this equation to the first degree is an independent proof of the 
important principle, that one screw and only one can be determined which is reciprocal 
to five given screws ; ^ being known, 05, 3, y can be found, and also two linear equations 
between ^5 y^^ 2?', whence the reciprocal screw is completely determined. 

7. Cor eeijorocal screws, — A set of six screws can be chosen, so that each screw is 
reciprocal to the remaining five. - For take Aj arbitrary ; A^ reciprocal to Ai ; A3 reci- 
procal to Ai, A3; A4 reciprocal to A^, Ag, A3; A5 reciprocal to Aj, A2, A3, A4; and Ag 
reciprocal to A^, A^, A3, A4, Ag. A group constructed in this way is called a set of 
corecij^rocal screws. 

Thirty constants determine a group of six screws. If the group be coreciprocal, fifteen 
conditions must be fulfilled; we have therefore fifteen elements still disposable, so that 
we are always enabled to select a coreciprocal group with special appropriateness to the 
problem under consideration. 

The facilities presented by rectangular axes for questions connected with the dynamics 
of a particle have perhaps their analogues in the conveniences which arise from refer- 
ring the twist coordinates of a rigid body to a group of coreciprocal screws. 

8. Besokition of a tvrench along siw coreciprocal screws. — ^The resolution of a wrench 
S (or of a twist velocity) into six wrenches (or six twist velocities) of magnitudes Xj &c,, 
Xq along six reciprocal screws of reference A^ &c., Ag is thus effected geometrically. 
Draw the cylindroid ( Aj, Ag), select on this cylindroid the screw P reciprocal to S [art. 44] ; 
if a rigid body only free to twist about P be acted upon by wrenches about S, Aj, &c., 

d2 
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Aqj the only operative wrenches are those about Aj, Ag, for all the others are reciprocal 
to P, and are destroyed by the reaction of the constraints. Hence the wrench Xj must 
be such as to neutralize the effect of the wrench Xg in its efforts to disturb the equili- 
brium of a body only free to twist about P. Therefore the wrenches Xj, Xg must be 
such as compound into a wrench about the screw on the cylindroid reciprocal to P. Thus 
the ratio of Xi to X2 is completely determined. 

9. Expressions for the components about six coreciprocal screws into which any wrench 
may he decomposed, — The use of the virtual coefficient will afford concise values of the 
components. Let Aj &C.5 Ag be the coreciprocal screws, and let X be the wrench about 
the screw S which is to be decomposed. Let^^ be the pitch of the screw A^. Let R^ 
be the virtual coefficient of S and A^. Let X^ be the component wrench about A^. 

The energy expended in giving a body a small twist o) around Aj against the wrench X is 

this must equal the energy expended in giving the body the same twist in opposition to 
the component wrench Xj ; for since Ag &C.5 Ag are reciprocal to A^, the wrenches 
X2 &C.5 Xg cannot affect the quantity of energy required. The virtual coefficient of 
two coincident screws reduces to the sum of the pitches, and therefore 

whence 

The analogy of this process to the resolution of a force or velocity along three rectangular 
axes may be noticed. The velocity of a point is resolved into three components parallel 
to the axes by multiplying the velocity into the direction cosines ; so the twist velo- 
city of the rigid body is resolved into six twist velocities about six coreciprocal screws 
by multiplying the original twist velocity into six functions analogous to the cosines. 

10. delation between the square of a wrench and the squares of its components along 
a coreciprocal system, — We can also detect a theorem analogous to the familiar truth 
that the sum of the squares of the three component velocities is equal to the square of 
the original velocity. 

To twist a body through a small angle cj about the screw S, in opposition to the 
wrenqh X about the same screw, requires a quantity of energy equal to 

2a) .p .IL; 

but this must equal the quantity of energy necessary to overcome the components, 
namely, 

but (art, 9) 

m ^ * 

substituting, we find 
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III. THE SEXIANT. 

11. Definition of the Seociant. — When six screws, A^ &C.5 Ag, are reciprocal to a single 
screw T, a certain relation must subsist between the pitches and the coefficients of 
Ai &C.5 Ag. The function which, when equated to zero, gives the condition required, 
may be called the sewiant of the six screws. 

The equations of the screw A^r, are 

w—Wk y—Pk ^—^k / .. T N 



«& 



The reciprocal screw T, which without loss of generality we may suppose to pass 
through the origin, is represented by 



X y z 



(pitch =g). 



ysg's+ft'^S — ^5^55 «55 A 



72 
73 
74 
75 
76 



=0. 



a ^ y 

The condition that A^r, and T be reciprocal is 

Writing the six equations of this type, found by giving Jc the values 1 to 6, and eli- 
minating the six quantities 

e^5 ?/3, gy, c«, ^, y, 

we obtain the result : — 

C^2?2 + 72^2 — ^2^25 /32?2 + 0^2^2 — 72^2? 72^2 + ^^^2-0522^25 O^^, /3, 

^3?3 + 732/3 — ft^35 i33g3 + 0532^3 — 73^3, ysfs + ^S^S — 0^3^35 ^^35 A 

054§4 + y42^4 — A^4, A?4+0^A — 7A5 74?* + /3A — ^4^45 ^S^, ft 

C^5?5 + 75^5 — ^5^55 ftgs + a^ — ^5^55 

^6?6 + 76^6 — /36^65 ^6?6 + %^6 — 76^65 7^Sq + ft% — 065^65 %5 ^0- 

By transformation to any parallel axes the value of this determinant is unaltered. 
The evanescence of the determinant is therefore a necessary condition whenever the six 
screws are reciprocal to a single screw. 

The sexiant is only a function of the diiferences gi — §2 &c. of the pitches; and when 
the pitches are equal the evanescence of the sexiant expresses that the six lines which 
form the screws are in involution. 

The property possessed by six screws when their sexiant vanishes may be enunciated 
in different ways, which are precisely equivalent. 

{a) The six screws are all reciprocal to one screw. 

{h) The six screws are members of a coordinate system of five degrees of freedom. 

{c) Properly selected wrenches about the six screws equilibrate, when applied to a free 
rigid body. 

[d) Properly selected twist velocities about the six screws neutralize, when applied to 
a rigid body. 
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(e) A body might receive six small twists about the six screws, so that after the last 
twist the body would occupy the same position which it had before the first. 

(/ ) ^y extending the language of Professor Sylvester (' Comptes Eendus/ 1. lii. p. 741), 
we might perhaps assert that six screws are in involution when their sexiant vanishes. 

(g) Any wrench (or twist or twist velocity) can be resolved into six wrenches (or twists 
or twist velocities) about six screws when the sexiant of the six screws does not vanish. 

12. Application of the sexiant to the resolution of a wrench about six serenes of 
reference. — One of the most remarkable properties of the sexiant is enunciated in the 
following theorem : — 

If seven wrenches (or twists) about seven screws equilibrate (or neutralize), the mag- 
nitude of each wrench (or twist) must be proportional to the sexiant of the remaining 
six screws. 

We shall demonstrate this property for twists, the demonstration for wrenches being, 
of course, exactly similar. 

Let one, A^, of the seven screws be represented by 

Suppose Xjc'i yk^^k be the coordinates of the foot of the perpendicular from the origin 
on Aj,. 

The body receives a small twist ooj, about A^ ; the rotation element of the twist may 
be transferred to a rotation about a parallel axis through the origin by the introduction 
of translations, whose components are 

^k{7kyk—^k^k)^ ^h{(^k^k—7kOCk), ^k{(^k^\—ockyk)' 

Each of the seven twists is thus decomposed into three translations parallel to the 
three axes, and three rotations about the axes. If the seven twists neutralize, we have 
the six equations : 

^1 7i + &c. -f- dy^y^r = , 

^i(§i(ii+^iOCi — X,y,) + &C.+a;7{q7(57 + Z^(Zy — XyY^)=:0, 

^i(?iyi+^i/3i— yiOii) + &c.+a;7(g7y7+^7/3;— y;C^7)==:0. 

These equations will be satisfied if for each value of &) the sexiant of the remaining 
six screws be substituted. This will appear most satisfactorily by writing one of the 
equations a second time and eliminating co^^ &c., coj from the seven equations. We then 
get a result which is necessarily zero. But it will be found that this is precisely the 
same result as would have been obtained by the substitution already mentioned. 

13. Circumstances under which the sexiant vanishes identically, — The sexiant vanishes 
if ^ + 1 screws be members of a coordinate system of freedom Jc [art. 31]; for then a 
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screw reciprocal to h screws of the system will be reciprocal to the )fc+l screws [art. 36], 
and therefore a screw can be chosen reciprocal to the six screws from which the sexiant 
is formed. 

14. JJse of the sexiant in resolving a wrench into components about a group of screws 
with which the wrench is coordinate. — Given Jc screws of a coordinate system of freedom 
of the degree Ic — 1 [art. 31], determine expressions for the wrenches (or twists) (Vi &c., 
ct}j, about the Ic screws which will neutralize each other. 

Let the given screws be Aj &c., A;;,. 

Take 7—^ screws Xj &c., X;_;^ from the group reciprocal to the given coordinate 
system [art. 37]. 

If wrenches a)^ &c., coy about the seven screws Ai &c., A;^., Xj &c., X^..^; equilibrate, 
we must have (art. 12) 

S(A2 &c., A;,, X, &c., X;.;,) — ^^ — 8{A, &c., Aj^^i.X^ &c., X;^;,) "~ S(A, &c., A/,, Xg &c., X;-;^) — ^^-^ 

where the symbol S denotes the sexiant of the six screws inside the brackets. 

The sexiants under a;^+i &c., coy vanish identically (art. 13); hence ^^+i &c., cj^ are each 
zero. The other equations determine the required quantities oj^ &c., cy^. 

15. On a function analogous to the sine of the angle hetween two vectors, — We have 
pointed out (art. 9) in what respects the virtual coefficient of a pair of screws may be 
considered analogous to the cosine of the angle between a pair of vectors. We hope 
the following attempt to point out a function in the theory of screws in some respects 
analogous to the sine of the angle between a pair of vectors will not be considered to 
transcend the reasonable use of mathematical metaphor. 

The determinant whose evanescence expresses that three vectors are coplanar has 
the sexiant for its analogue in the theory of screws. If the condition that three vectors,, 
a, 3, y, be coplanar is satisfied for every vector y, then the sine of the angle between cc 
and j3 must vanish. It is remarkable that the vanishing of the sine really involves two 
conditions, for it can only occur when the direction cosines of a and ^ are identical. If 
now the sexiant of A^ &c., A^ vanish for every screw Ag, the remaining five screws must 
fulfil the two conditions known to be necessary, in order that they may constitute 
members of a coordinate system with four degrees of freedom. If, then, we can find one 
function, the evanescence of which will afford the two necessary conditions, such a 
function may be considered analogous to the sine of the angle between two vectors. 

It can hardly be objected to this analogy that, while two vectors are concerned in 
the one case, five screws enter into the other; for it must be remembered that 2 + 1 is 
the complete number of vectors of reference, while 5 + 1 is the complete number of 
screws of reference. 

The investigation of art. (11) indicates the function of which we are in search. If 
the five screws are really coordinate members of a lower degree of freedom, the value 
of ^ must become indeterminate, and therefore 

P^ + Q^ + R^=:0. 
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We deduce from this the equations 

P=0, Q=0, R=:0, 

two of which, being independent, provide the two conditions required. 

16. 0% a relation hetween a sewiant and a virtual coefficient, — We shall first state a 
simple vector problem. Given three vectors c^, ^5 y, determine the cosine of the angle 
between y and the common perpendicular to a and ^. 

The required cosine is the quotient obtained by dividing the determinant whose 
evanescence shows a, 0, y to be coplanar by the sine of the angle between a and ^. 

The corresponding question in the theory of screws is as follows. Given six screws 
Ai &c., Ag of which S represents the sexiant. Let B^ be the screw reciprocal to the 
five screws Aj &c., A^_i, A^^.^ &c., Ag, and let R^ be the virtual coefficient of A^ 
and B^. Let K^ denote the function 

computed for the five screws Aj (fee, A^.j, A^+j &c., Ag. Then E^ can only differ by 

a numerical factor from 

S 

For E^ must vanish if S vanish, unless at the same time K^ vanish. S is of the third 
dimensions of linear magnitude and K^ of the^ second, so that the quotient is of the 
same dimensions as E^. 

lY. 0^ IMPELSIYE SCEEWS AND INSTANTANEOUS SCEEWS. 

17. The impulsive cylindroid and the instantaneous cylindroid. — ^A rigid body M is at 
rest in a position P, from which it is either partially or entirely free to move. If M 
receive an impulsive wrench about a screw Xj, it will commence to twist about an 
instantaneous screw A^. If, however, the impulsive wrench had been about Xg or X3 
(M being in either case at rest in the position P), the instantaneous screw would have 
been Ag or A3. Then we have the following theorem : — 

If Xi, X2, X3 lie upon a cylindroid S (which we may call the impulsive cylindroid), then 
Aj, Ag, A3 lie on a cylindroid & (which we may call the instantaneous cylindroid}*. 

For if the three wrenches are of suitable magnitude they may equilibrate, since they 
are cocylindroidal ; when this is the case the three instantaneous twist velocities must 
of course neutralize, but this is only possible if the instantaneous screws be cocylindroidal. 

18. On an anharmonic property of the impulsive and instantaneous cylindroids. — If we 
draw a pencil of four lines through a point parallel to four generators of a cylindroid, 
the lines forming the pencil will lie in a plane. We may define the anharmonic ratio 
of four generators on a cylindroid to be the anharmonic ratio of the parallel pencil. We 
shall now prove the following theorem : — 

The anharmonic ratio of four screws on the impulsive cylindroid is equal to the 
anharmonic ratio of the four corresponding screws on the instantaneous cylindroid. 

^ When three screws are contained on a cylindroid, the screws may, for brevity, be said to be cocylindroidal. 
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Before commencing the proof we remark that, 

If an impulsive wrench F acting on a rigid body about the screw X be capable of 
producing the unit of twist velocity about A, then a wrench Fof about X will produce 
a twist velocity a; about A. 

Let Xi, X2, Xg, X4 be four screws on the impulsive cylindroid, the wrenches appro- 
priate to which are F^c^^^ F^c^^^ F^^^^ F^cv^. Let the four corresponding instantaneous 
screws be Aj, A2, A3, A4, and the twist velocities are ^j, co^^ oj^^ co^. Let 0^ be the angle 
on the impulsive cylindroid [art. 7] defining X^, and let 6^ be the angle on the instan- 
taneous cylindroid defining A,^. 

If three impulsive wrenches equilibrate, the corresponding twist velocities neutralize : 
h^ence it must be possible for certain values of a;i, a;^, co^,^ a^ to satisfy the following 
equations [art. 10] : — 

COj % ^s 



sin (flg-y sin {^^-^^ sin (Qi-a^)' 



F,coi __ F2CO2 F. 



s^'s 



sin (^2 - fg) sin (^3 - ^^ sin (<Pi - <^^ ' 



CO^ __ CO3 CO4 



sin (53-54) sin {Q^-d^) sin (92-93)' 

FT? XT' 

2CO2 _ I3CO3 F4CO4 



whence 



sin (^3-^4) sin {(p^-%) sin {^^-%)' 
sin (9i — y sin {^3—64) sin (<Pi — ^Pa) sin (fe— <P4) 



sin (^3-90 sin (94-y ~sin (?3-<Pi) sin (^4-^2) 
which proves the theorem. 

If, therefore, we are given three screws on the impulsive cylindroid and the corre- 
sponding three screws on the instantaneous cylindroid, the connexion between every 
other corresponding pair is geometrically determined. 

19. On the impulsive wrenches which arise from the reaction of constraints, — Whatever 
the constraints may be, their reaction produces an impulsive wrench R, upon the body 
at the moment when the impulsive wrench Xj acts. The two wrenches Xj and Ej com- 
pound into a third wrench Yj. If the body were free, Yj is the impulsive wrench to 
which the instantaneous screw Aj would correspond. Since Xj, X^, X3 are cocylin- 
droidal, Aj, A2, A3 are cocylindroidal (art. 17), and therefore also are Yj, Y2, Y3. The 
nine wrenches Xj, X2, X3, Rj, R2, E3, — Y,, —Yg, —Yg must equilibrate; but if Xi, X2, 
X3 equilibrate, then the twist velocities about Aj, A2, A3 must neutralize, and therefore 
the wrenches about Y,, Y2, Y3 must equilibrate. Hence Ej, E^, E3 equiHbrate, and are 
therefore cocylindroidal. 

Following the same line of proof used in art. (18), we can show that 

If impulsive wrenches act about any four cocylindroidal screws upon a partially free 
rigid body, the four corresponding initial reactions of the constraints also constitute 
wTenches about four cocylindroidal screws ; and, further, the anharmonic ratios of the two 
groups of four screws are equal. 

MDCCCLXXIV. E 
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20. On impulsive and instantaneous coordinate systems. — Some of the preceding results 
may be generalized. If impulsive wrenches were to act upon a partially or entirely free 
rigid body about the different screws belonging to a coordinate system of freedom Jc^ 
then the corresponding instantaneous screws, and also the wrenches produced by 
the initial reactions of the constraints, would each constitute a coordinate group of 
freedom Jc, 

21. On a special impulsive cylindroid, — If the impulsive cylindroid be defined by a 
pair of screws along the same straight line, the surface becomes evanescent, and every 
screw on the straight line is contained on the cylindroid. We thus deduce the following 
theorem as a particular case of art. (17):— 

If a rigid body, free or constrained in any way, were to receive impulsive wrenches 
about screws of every pitch on a straight line, then all the corresponding instantaneous 
screws lie on a cylindroid. 

One of the screws of zero pitch on the instantaneous cylindroid, when the body is 
free, passes through the centre of inertia of the body, because this must be the instan- 
taneous screw corresponding to infinite pitch along the impulsive screw. 

22. Calculation of the specific impulsim wrenches when a sufficient numher of pairs 
of corresponding impulsive and instantaneous screws are Jcnoion, — By the words specific 
impulsive wrench we are to understand an impulsive wrench which, acting on a free 
quiescent rigid body, will communicate to the body the unit of twist velocity about an 
instantaneous screw. 

Let Ai &c., Ajfc+i be ^+1 screws of a coordinate system of freedom ^ and co^ &c.^ <s;^+i 
be a set of twist velocities about Aj &c., Aj,^^ which neutralize. Let Xj &c., ILj^^^ be 
corresponding impulsive screws for a free body ; it is required to find the specific impul- 
sive wrenches. 

Let the impulsive wrenches be 

Fift^i &c., Fj^+^cokj^^. 

Ej &c., Eg.^ are screws reciprocal to the system Aj &c., A;^. 
Qi &c., Qq__jc are screws reciprocal to the system X, &C.5 X;^. 
Adopting the notation for sexiants employed in art. (14), 

Si =S(A2 &c., A;fc+i, El &c., Eg^;^), 

* 

we have the equations 



bj bo * S 



k+l 



Since the body is free, the wrenches must equilibrate which could produce these 
velocities that neutralize ; whence 

I^1<^1 a Ejfc-nCtffc+i 

T-— Cx^C. — — m • 

1 -*-^-!-l 
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Combining the two sets of equations, we have for the specific impulsive forces 



T-T, 



&0 -- 



2 ' -"-fc+l 



23. Determination of the sjpecific impulsive wrenches tvhen the three impulsive screws 
lie on ci cylindroid^ and the corresponding instantaneous screws are known. — In the case 
where ^=2 the problem of the last article assumes a simple form. 

Let ^1, ^29 ^3 be the angles corresponding to the instantaneous screws on the instantaneous 
cylindroid. Let <pi, <p25 <p3 be the angles corresponding to the impulsive screws on the 
impulsive cylindroid. 

If the following equations be true. 



C«i «^2 _ "^3 



sm(S,~.y-sin(S3-Si)-sin(Si-fl,)' 

then we must also have 



^l«^l _l2«^2__ % 



3«^3 



whence the relative values of F,, Fg, F3 are known. 

24. Belations between the im;p%dsive screw and the instantaneous screw in certain special 
cases, — ^^Vhen an impulsive /or (?^ acts upon a free quiescent rigid body, the directions of 
the force and of the instantaneous screw are parallel to a pair of conjugate diameters in 
the momental ellipsoid. 

When an impulsive wrench acting on a free rigid body produces an instantaneous 
rotation^ the axis of the rotation must be perpendicular to the impulsive screw. 

When an impulsive force acting on a free rigid body produces an instantaneous rota- 
tion, the direction of the force and the axis of the rotation are parallel to the principal 
axes of a section of the momental ellipsoid. 

Y. THE PEIFCIPAL SCEEWS OE lEEETIA. 

25. On the locus of the impulsive screw corresponding to a given instantaneous screw. 
—If an impulsive screw be given, the corresponding instantaneous screw is determinate, 
whether the body be free or constrained. If, however, the instantaneous screw be given, 
the impulsive screw is indeterminate, except in the case where the body is free. We 
have therefore the following problem : — ^To determine the locus (in a generalized sense) 
of an impulsive wrench which will cause a quiescent rigid body to commence to twist 
about a given screw. 

Let Ai &c.. At, be a group of screws defining the freedom of the body. 
Let Bj &c., Bg^x. be screws reciprocal to the freedom. 
S is the screw about which the body is to twist. 

Let P be any impulsive wrench which would make the body commence to twist about 
S. Then any screw X coordinate with the 7—7^ screws, 

P, Bj, &C., Bg-;^, 

possesses the property required. This condition expresses the "locus" of X. 

E 2 
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This is thus proved. An impulsive wrench about X can be decomposed into impul- 
sive wrenches about the screws P, Bj, fee, B^.^. All of these will be destroyed by the 
reactions of the constraints except the first ; but by hypothesis an impulsive wrench about 
P will make the body twist about S. 

For example, if the body had five degrees of freedom, then any impulsive screw on a 
certain cylindroid possesses the property required. 

If the body had three degrees of freedom, then any screw reciprocal to a certain cylin- 
droid would possess the required property. 

26. Definition of jprincipal screws of inertia, — A rigid body has k degrees of freedom ; 
it will be shown that from the coordinate system expressing that freedom, ^^ screws may 
be selected such that an impulsive wrench about any one of these screws will make the 
body commence to twist about that screw. 

The Jc screws possessing this property may be called the jprincipal screws of inertia. 

We shall first demonstrate the existence of six principal screws of inertia in a per- 
fectly free rigid body. Out of the thirty elements which in general determine a set of 
six screws, fifteen are still disposable in a set of six conjugate screws of kinetic energy. 
We are thus enabled to choose one set of conjugate screws of kinetic energy [art. 55] 
which are also coreciprocal (art. 7). The set thus chosen manifestly possesses the pro- 
perty that an impulsive wrench about any one of them makes the body commence to 
twist about that screw. 

It can be shown that this set is in general unique. For let the group be represented 
by Ai &c., Ag, and let S'be another screw assumed to possess the same property. An 
impulsive wrench about S can be decomposed into impulsive wrenches about Ai &c., Ag. 
These wrenches will produce twist velocities about Ai &c., A^. If these twist velocities 
could compound into a twist velocity about S, it would follow that equal twist velocities 
should be produced about each of the screws Ai &c., Ag by equal impulsive wrenches. 
If this were the case, then every impulsive screw would be its own instantaneous screw, 
which manifestly is not true. Hence there can be only one set of six principal screws 
of inertia. 

27. Construction of the six principal screivs of inertia for a free rigid body,— Let OA, 
OB, OC be the three principal axes through the centre of inertia of the rigid body, 
and let a, J, c be the corresponding radii of gyration. Let two screws. A', A'', be 
formed along OA with pitches 4-a, —a, and let two other pairs of screws, B', B'^ and 
O, C^ be similarly^ formed along the other principal axes, OB and OC. The six screws, 
A', A^ B^ B^ C, C^ are the set required. 

28. Principal screivs of inertia of a constrained rigid body, — Of the k (k—1) arbitrary 
elements in the selection of any k screws from a coordinate system of freedom ^, half 
the entire number still remain disposable in k conjugate screws of kinetic energy 
[art. 87]. The remaining disposable elements are just the number of conditions required 
that each of k screws should be reciprocal to all the rest. We have therefore just 
sufficient latitude for the determination of k conjugate screws of kinetic energy, which 
are also coreciprocal. We shall now show that the k screws thus defined possess the 
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property that an impulsive wrench about each of them will make the body commence 
to twist about the same screw. 

We shall state the argument for three degrees of freedom, the general argument for 
any other degree of freedom being precisely similar. 

Let Aj, A2, A3 be the three screws of the system which we have just determined. 

Bi5 B2, B3 are any corresponding impulsive screws. 

Epj R2? K3 are any three screws reciprocal to Aj, A2, A3 [art. 37]. 

Any impulsive wrench about a screw coordinate with Bi, Ej, R2? 1^3 will make the 
body twist about Ai (art. 25). But the screws of the coordinate system containing 
Bi, Ri5 R2? R3 ^1'^ defined by being reciprocal to A2 and A3. Now Aj is reciprocal to 
A2, A35 and therefore Aj must be coordinate with B^ Ri,K2, R3 [art. 89]. Therefore an 
impulsive wrench about Aj will make the body twist about Aj. 

It can be shown, by similar reasoning to that employed in art. (26), that^the k principal 
screws of inertia are unique. 

29. On the pitch hyperbola in the principal plane of a cylindroid, — We shall exemplify 
the preceding articles by determining the principal screws of a rigid body which has two 
degrees of freedom. The cylindroid expressing the freedom being drawn, we shall give 
the construction by which the two screws on that cylindroid maybe found which possess 
the property in question. 

To obtain, in the first place, a clear view of the distribution of the pitch upon a cylin- 
droid, we introduce a conic which is to be known as the pitch hyperlola. 

The cylindroid having as its equation 

z{x^-\-y'^) — 2mxy=^^ [art. 7], 
the generator in which the plane 

y=zx tan 6 
cuts the surface has a pitch 

The pitch hyperbola has for its equation 



m—p m-\-p 

If g be the radius vector of the pitch hyperbola in the direction fl. 

k{w?'—p'^) . 



p-\-m cos 23 



f 



hence we have the fundamental property of this conic, which is thus enunciated :— 
The pitch of any generator of the cylindroid is proportional to the inverse square of 

the parallel diameter in the pitch hyperbola. 

Given a screw A on a cylindroid, another screw B on the cylindroid reciprocal to A 

can always be determined [art. 44]. We shall now show that 

A pair of reciprocal screws on a cylindroid are parallel to a pair of conjugate diameters 

in the pitch hyperbola. 
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The condition of reciprocity is (art. 1) 

(a+b) cos — d sin Q=0, 



Substitute 



we readily deduce 



a=^-\'mcos20i^ 
h=jp-\-m cos 2^2, 
d=m sin 2^i-— m sin 2^2, 

tan 01 tan d^-^ 



which proves the theorem (Salmojst, ' Conies,' p. 152, 3rd edition) : — 

The asymptotes of the pitch hyperbola are parallel to the lines of zero pitch on the 

cylindroid. li /p>m the hyperbola changes into an ellipse. In this case there are no 

screws of zero pitch on the cylindroid. 

30. On the ellipse of equal kinetic energy for a lody possessing two degrees of freedom. 

— The pitch hyperbola is of merely kinematical significance ; the ellipse now to be 

described involves the conceptions of kinetics. 

Let ^ be a screw upon the cylindroid and co be the twist velocity about that screw ; 

GO can be resolved into twist velocities a)^ and co^^, about any selected pair of screws ^i, Sg 

upon the cylindroid. The velocity of any element of the rigid body can therefore be 

expressed as a linear function of oj^ and co^. The kinetic energy of the rigid body must 

therefore have the form 

In the principal plane of the cylindroid draw through the centre two lines parallel to 
the generators Q^ and 625 and with these two lines as axes construct the ellipse 

If ^ be the radius vector of the ellipse parallel to 5, 
whence the kinetic energy is 



2 



We have thus proved that the kinetic energy due to a given twist velocity about any 
screw is proportional to the inverse square of the parallel diameter in the ellipse, which 
we may call the ellipse of equal kinetic energy. Or suppose a given quantity of energy 
is to be imparted by an impulsive wrench, the twist velocity that can be produced about 
any screw is proportional to the parallel radius vector. 

If a pair of conjugate diameters of the ellipse of equal kinetic energy had been taken 
as axes, the expression for the kinetic energy becomes 
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By the properties of what we have called conjugate screws of kinetic energy [art. 56], 
we now see that every pair of conjugate diameters of the ellipse of equal kinetic energy 
are parallel to a pair of conjugate screws of kinetic energy on the cylindroid. 

31. Construction of the principal screws of inertia for a rigid body with two degrees 
of freedom, — Draw the pitch hyperbola and the ellipse of equal kinetic energy; since 
these conies are concentric, a pair of common conjugate diameters can be drawn. The 
screws upon the cylindroid parallel to the common conjugate diameters are the principal 
screws of kinetic energy. 

Let Ai5 Ag be the two screws thus determined, and let Xi, Xg be the impulsive screws, 
wrenches about which, if the body were free, would make it commence to twist about 
Ai, Ag. Let El, R25 1^3? 1^4 b^ ^^7 four screws reciprocal to the cylindroid. 

An impulsive wrench about any screw coordinate with Xj, Rj, Rg? Eg, R4 will make 
the body twist about A^. But since the screws are conjugate screws of kinetic energy, 
Xj is reciprocal to A2. Thus A2 is reciprocal to the five screws Xj, Rj, R25 R35 R4 ; and 
every other screw reciprocal to A2 will therefore be coordinate with the five screws just 
written. 

Since Aj and A2 are parallel to conjugate diameters of the pitch hyperbola, Aj is reci- 
procalto A2, and therefore coordinate with the five screws; an impulsive wrench about 
Ai will therefore make the body commence to twist about Aj. In a similar manner it 
can be shown that A2 is the other principal screw of inertia. 

32. Helation between a twist about a screw on a cylindroid and its components along 
a pair of reciprocal screws, — Let co be the twist, and 00^^ 00^ the components. The pitch 
hyperbola referred to axes parallel to the screws corresponding to 00^^ oo^ has for equation 

If ^ be the radius vector parallel to the screw appropriate to coy 

CO O)^ 0)ci, 

whence 

111 

.T-^ ,2 _| __ , ,2 „, ,2 



If ^15 P29 P be the pitches of oo^^ oo^^ oj^ we have 

This result may be compared with art. (10). 

We easily foresee, what a little calculation will verify, that, if the virtual coefficient 
of co,y CO.,, instead of vanishing, had the value R, the relation just written must be 
replaced by 

jPi^? + R^^l^^s +^2^ ~i^^^- 

Here, again, we are reminded of the analogy between the cosine and the virtual coeffi- 
cient. This result may be generalized into a theorem which is of considerable interest. 
Let Aj &c., A;^ be any Jc screws of pitches j9i &c., p^,. 
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Let S be any other screw of pitch p coordinate with the system i us t written. 

Let X be the magnitude of a wrench about S which is decomposed into wrenches 
Xj &C.5 X^ about the Ic screws Aj &c., A^^,. 

Giving the body a small twist m about X^, and denoting by R^^^ the yirtual coefficient 
of A^, A„5 we have the following equations, art. (10) : — 

* * 

Xix|.^ ^= Aii^ jXj -j~ ^k, 2X2 T" ^c. -f" Ap^2L^, 
But giving the body a small twist o) about S, we have 

Eliminating E^^ ^ &C.5 we have, finally, 

_pX^==JPiXf+&C.+P;^X|4-SIim,nX^X^. ' 

For six coreciprocal screws this result of course reduces to the relation of art. (10). 

33. Construction of the prmcipal screios of inertia for a body with three degrees of 
freedom. — ^We have demonstrated [art. 88] that all the screws parallel to a plane 

selected from the general system of three degrees of freedom lie on a cylindroid. A 
section of the pitch hyperboloid drawn through the kinematic, centre gives the pitch 
hyperbola appropriate to the cylindroid. We hence infer the following theorem : — 

Any set of three coreciprocal screws selected from the general system of three degrees 
of freedom must be parallel to three conjugate diameters of the pitch hyperboloid. 

The principal screws of inertia must therefore be parallel to three conjugate diameters 
of the pitch hyperboloid; but they must also be parallel to three conjugate diameters 
of the ellipsoid of equal kinetic energy [art. 88], and hence the principal screws are 
completely determined. 

TI. MISCELLANEOFS PEOPOSITIONS. 

34. On the locus of the displacements of a point which can be ^produced hy twists 
about the screws on a cylindroid, — Let P be a point and A, B be any two screws on a 
cylindroid. If the body to which P is attached receive a small twist about A, the 
point P will be moved to P^ If the body received a small twist about B, P would be 
moved to P^^ Then, whatever be the screw C on the cylindroid about which the body 
be twisted through a small angle, the point P will still be displaced in the plane PFP^^ 

For the twist about C can be resolved into two twists about A and B, and therefore 
every displacement of P must be capable of being resolved along PP' and PP^'. 

Thus, through every point in space a loctis plane can be drawn to which the small 
movements of that point arising from twists abou.t the screws on a cylindroid are confined. 

The simplest construction for the locus plane is as follows : — Draw through the point 
P two planes, each containing one of the screws of zero pitch : the intersection of these 
planes is normal to the locus plane through P. 
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35. Property of the screws of zero pitch on a cylindroid, — The construction just given 
would fail if P lay upon one of the screws of zero pitch. The moyements of P must 
then be limited, not to a plane, but to a line. The line is found by drawing a normal 
to the plane passing through P and through the other screw of zero pitch. 

We thus have the following curious property of the lines of zero pitch, viz. that a 
point in the rigid body on the line of zero pitch will commence to move in the same 
direction whatevei: be the screw on the cylindroid about which the twist is imparted. 

This easily appears otherwise. Appropriate twists about any two screws, A and B, can 
compound into a twist about the screw of zero pitch L, but the twist about L cannot 
disturb a point on L. Therefore a twist about B must be capable of moving a particle 
originally on L back. to its position before it was disturbed by A. Therefore the twists 
about B and A must move the particle in the same direction. 

36. Equilihrium of a rigid hody having two degrees of freedom and acted upon hy 
gravity, — The cylindroid is first to be drawn which expresses the freedom enjoyed by the 
body. It must be remembered that, whatever be the mechanical contrivances by which 
the body is constrained in its movements, so long as the position is completely defined 
by two coordinates all the displacements which it is competent for the body to accept 
could be communicated by twists about the screws of a cylindroid. 

When a body with two degrees of freedom is in equilibrium, the wrench acting upon 
the body must be reciprocal to the cylindroid, but no other condition is required. In 
the case of gravity the wrench reduces to a force, or the wrench may be said to be about 
a screw of zero pitch passing through the centre of inertia of the rigid body. But a 
screw of zero pitch cannot be reciprocal to the cylindroid, unless it intersect both the 
screws of zero pitch on the cylindroid [art. 21]. 

The necessary and sufficient condition of equilibrium is, therefore, that the screws of 
zero pitch on the cylindroid should each intersect the vertical through the centre of inertia. 

37. Eqihilihrimn of a rigid hody having three degrees of freedom and acted upon hy 
gravity, — The vertical through the centre of inertia must be one of the screws of zero 
pitch belonging to the system reciprocal to the freedom. Draw the pitch hyperboloid 
appropriate to the freedom [art. 88]. Then all one system of generators are the coor- 
dinate screws with zero pitch, while all the other systems of generators are the reciprocal 
screws with zero pitch. 

The necessary and sufficient condition of equilibrium is, therefore, that the vertical 
through the centre of inertia be one of the reciprocal system of generators on the pitch 
hyperboloid. 

38. Equilibrium of a rigid hody having four degrees of freedom and acted upon hy 
gravity, — The rigid body can then be twisted about every screw reciprocal to a certain 
cylindroid. For the body to be in equilibrium, the wrench which acts upon it must be 
about a screw on this cylindroid. It is therefore necessary that the vertical through the 
centre of inertia of the rigid body coincide with one or other of the two screws of zero 
pitch on the cylindroid reciprocal to the freedom of the rigid body. 

MDCCCLXXIV. F 
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If, however, the two screws of zero pitch become imaginary on the cylindroid, as will 
be the case with certain dispositions of the constraints, it will not be possible for the 
body to remain in equilibrium, no matter how it may be placed. 

If the body had five degrees of freedom, it can only remain in equilibrium when acted 
upon by a wrench about the single screw reciprocal to the freedom. If the restraints 
were such that the pitch of this screw were zero (which of course will not generally be 
the case), then when the vertical through the centre of inertia coincided with this line 
equilibrium would subsist. In general, however, it is impossible for a body with five 
degrees of freedom to be in equilibrium under the action of gravity. 

. On the other hand, if the body had only one degree of freedom, through every point 
in space a plane can be drawn such that every line in the plane passing through the 
point is a direction along which, if the vertical through the centre of inertia acted, 
equilibrium would subsist. 

39. Equilihrmm of four forces applied to a rigid lody.- — If the body be free, the four 
forces must be four wrenches about screws of zero pitch which are members of a 
coordinate system with three degrees of freedom. The forces must therefore be 
generators of an hyperboloid, and all belonging to the same system [art. 81]. The 
relative magnitudes of the four forces P, Q, R, S are easily determined when the posi- 
tions are known. Draw the cylindroids (P, Q) and (B, S), then T, the common screw 
of these cylindroids, makes angles with P and Q, the sines of which angles are in the 
proportion of Q to P. 

Three of the forces, P, Q, E, being given in position, S must then be a generator of the 
hyperboloid determined by P, Q, R. This proof of a well-known theorem is given to 
show the facility with which such results flow from the Theory of Screws. 

Suppose, however, that the body have only five degrees of freedom, we shall find that 
somewhat more latitude exists with reference to the choice of S. Let X be the screw 
reciprocal to the freedom of the body. Then for equilibrium it will only be necessary 
that S be coordinate with the four screws 

5 V^5 JX, -A., 

Now a cone of screws can be drawn through every point in space coordinate with the 
four screws just written, and on that cone one screw of zero pitch can always be found 
[art. 89]. Hence one line can be drawn through every point in space along which S 
might act. 

If the body had only four degrees of freedom, the latitude in the choice of S is still 
greater. Let Xj, Xg be two screws reciprocal to the freedom, then S is only restrained 
by the condition that it be coordinate with the five screws 

Any line in space when it receives the proper pitch is a screw coordinate with the five 
screws just written. Through any point in space a plane can be drawn such that every 
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line in the plane passing throngh the point with zero pitch is a coordinate screw. This 
expresses the freedom enjoyed by S. 

Finally, if the body had only three degrees of freedom, the four equilibrating forces 
P5 Q5 E, S may be situated anywhere. 

The positions of the forces being given, their magnitudes are determined ; for draw 
Xi5 X25 X3 reciprocal to the freedom, and find the seven equilibrating wrenches about 

Pf\ "D Q "Sr "V* "V* 
5 vc^« J.%5 ^^5 "^^^l? -/jk,o(i| .xjk.2» 

The last three are neutralized by the reactions of the constraints, and the four former 
must therefore equilibrate. 

40. Equilibrmm of Jive forces ap^pUed to a rigid hody. — ^The five forces must, if the 
body be free, form a coordinate system of four degrees of freedom. Draw the cylindroid 
reciprocal to the coordinate system of freedom. The five forces must therefore intersect 
both the screws of zero pitch on the cylindroid. We therefore have as a necessary 
condition that two straight lines can be drawn which intersect all the five forces. Four 
of the forces will determine the two lines, and therefore the fifth force may enjoy any 
liberty consistent with the requirement that it also intersects the two lines. This con- 
dition is also a sufiicient one, so far as the positions of the forces are concerned. 

If P, Q, K, S, T be the five forces, the ratio of P : Q is thus determined. 
Let A, B be the two screws of zero pitch upon the cylindroid. 
Let X, Y be two screws reciprocal to P, Q. 
Let Z be a screw reciprocal to E, S, T. 
Construct the screw I reciprocal to the five screws 

, J. , XIa., ■^-^) M^% 

Now the four screws X, Y, A, B are reciprocal to the cylindroid (P, Q) ; therefore I? 
which is reciprocal to X, Y, A, B, must lie upon the cylindroid P, Q. 

Since A, B, Z are all reciprocal to E, S, T, it follows that I, being reciprocal to 
A, B, Z, must be coordinate with E, S, T. 

Hence I is coordinate with P, Q and also with E, S, T. If, therefore, forces along 
P, Q, E, S, T equilibrate, the forces along P, Q must compound into a wrench about I* 
This condition determines the forces along P, Q. 

41. Egidlibfimn of siw forces applied to a rigid body. — Professor Sylvester has shown 
(^ Comptes Eendus,' tome lii. p. 816) that when the six lines P, Q, E, S, T, U are so 
situated that forces acting along these lines equilibrate when applied to a /r^^ rigid body, 
a certain determinant must vanish. 

Using the ideas and language of the theory of screws, this determinant is simply the 
sexiant of the six lines, the pitches of course being zero. 

If w^i f ^, ^n be a point on one of the lines, the direction cosines of the same line being 
^m? /3»5 7m^ ^he condition is therefore 



f2 
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If 6^15 /3i5 71 be considered variable, all the other quantities remaining constant, we 
have the following theorem due to MoBius : — 

All the lines which can be drawn through a given point in involution with five given 
lines lie in a plane. 

This is in reality only a particular case of the following theorem, which appears from 
equating the general expression for the sexiant to zero : — 

All the screws of given pitch which can be drawn through a point so as to be coor- 
dinate with five given screws lie in a plane. 

A single screw X must be capable of being found which is reciprocal to all the six 
screws P, Q, E, S5 T, U. Suppose the rigid body were only free to twist about X, then 
the six forces would not only collectively be in equilibrium, but severally would be 
unable to stir the body only free to twist about X. 

In general a body which was able to twist about six screws (of any pitch) would have 
perfect freedom ; but the body capable of rotating about each of the six lines P, Q, E^ 
S, T, U, which are in involution, is not perfectly free, since practically we have only five 
disposable coordinates. 

If a rigid body were perfectly free, then a wrench about any screw could move the 
body ; if the body be only free to rotate about the six lines in involution, then a wrench 
about every screw (except X) can move it. 

The existence of the single screw X is the characteristic feature of six lines in invo- 
lution which the theory of screws makes known to us. 

The conjugate axes of Professor Sylvester (p. 743) are presented in the present system 
as follows: — Draw any cylindroid which contains the reciprocal screw X, then the two 
screws of zero pitch on this cylindroid are a pair of conjugate axes. For a force on 
any transversal intersecting this pair of screws is reciprocal to the cylindroid, and is 
therefore in involution with the original system. 

Draw any two cylindroids, each containing the reciprocal screw, then all the screws of 
the cylindroids form a coordinate system with three degrees of freedom [art. 84], 
Therefore the two pairs of conjugate axes, being four screws of zero pitch, must lie upon 
the same hyperboloid. This theorem is also due to Professor Sylvester. 

The cylindroid also presents in a very clear manner the solution of the problem of 
finding two rotations which shall bring a body from one position to any other given 
position. Find the twist which would effect the desired change. Draw any cylindroid 
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through the corresponding screw, then the two screws of zero pitch on the cylindroid 
are a pair of axes that fulfil the required conditions. If one of these axes were gi^en, 
the cylindroid would be defined and the other axis would be determinate. 

42. On a property of a body possessing four degrees of freedom. — ^When a body has 
four degrees of freedom it is able to twist about every screw in space reciprocal to a 
certain cylindroid. Thus through any point a cone can be drawn the generators of 
which are perpendicular to the generators of a cylindroid ; and by assigning the proper 
pitch to each of the cone generators we have a reciprocal screw [art. 89], If, howcTer, 
the point had been selected upon the double line of the cylindroid, the cone vanishes 
into a line and the pitch becomes indeterminate, thus giving the following general 
theorem in kinematics : — 

When a body has four degrees of freedom, there is always one screw about which the 
body can be twisted whatever be the pitch assigned to that screw. 

43. A point P is always to be moved in a plane A, determine the " locus'' of screws 
about which P may receive small tioists, — If the point P formed a portion of a rigid body 
M, the condition imposed on P would still leave M five degrees of freedom. There is 
therefore oiie screw, S, reciprocal to the freedom ; S is to be found by the condition that 
a wrench about S shall be unable to disturb M. The only wrench Avhich would not 
disturb M must be a force through P normal to A. The reciprocal screw S must 
therefore lie along this normal and have zero pitch. Any screw reciprocal to S will 
fulfil the required condition. 

44. A point P is always to move along a line AB, determine the 'Hocus'' of screws 
about which V may receive small ttvists, — A rigid body attached to P would have four 
degrees of freedom. The reciprocal cylindroid in this case reduces to the plane through 
P normal to AB. AH the screws in this plane pass through P and have zero pitch. 

The " locus " required is evidently that of screws reciprocal to the cylindroid which 
has assumed this simple type. 

45. Generalization of a theorem due to M. Chasles. — If a system of forces be resolved 
into two forces, the volume of the tetrahedron of which the two forces are opposite edges 
is constant. This may be generalized into the following :— If a system of forces be 
resolved into wrenches about two screws of equal pitch, the volume of the tetrahedron 
of which the wrenching forces are opposite edges is constant. 

Let 9i, ^2, 4 be three cocylindroidal screws about which wrenches X, Y, Z equilibrate. 
The volume of the tetrahedron formed by X, Y is 

^m (sin 292— sin 2^i) sin {6^ •— 4) XY ; 

but 

X - __ Y ^ Z . 

thence the volame reduces to 



'3 



mZ^ cos (^1 + 92) sin (Sg-^^s) sin (^3—^1). 



38 DE. E. S. EALL'S EESEAECHES IN THE EYJVTAMICS OE A EiaiE 

If the two screws ^j, 4 have equal pitches (§), we must hate 4 =— 4? and 

g =p4-?^cos25i, 
q^=jp-^m cos 2Q^; 

whence the expression for the volume of the tetrahedron is finally 

If g = we have M. Chasles's theorem. This generalization might have been deduced 
at once from the original theorem by the remark of [art. 82], that any coordinate system 
of screws is still a coordinate system when the pitches of all the screws have received a 
constant addition. 

Postscript. 

Eeceived January 27, 1874, 

At the time the foregoing paper was read the writer was not aware of the close con- 
nexion between the Theory of Screws and the recent geometrical researches on the 
Linear Complex. His attention was kindly directed to this point by Dr. Felix Klein", 
at the Bradford Meeting of the British Association. 

Pluckee, in his 'Neiie Geometrie des Kaumes,' p. 24, thus introduces the word 
" Dyname : " — " Durch den Ausdruck ' Dyname' habe ich die Ursache einer beliebigen 
Bewegung eines starren Systems, oder, da sich die Natur dieser Ursache wie die Natur 
einer Kraft liberhaupt, unserem Erkennungsvermogen entzieht, die Bewegung selbst : 
statt der Ursache die Wirkung, bezeichnet." Although it is not very easy to see the 
precise meaning of this passage, yet it appears that a " Dyname " may be either a twist 
or a wrench (to use the language of the present paper). 

On page 25 (loc. cit,) we read : — " Dann entschwindet das specifisch Mechanische, und, 
um mich auf eine kurze Andeutung zu beschranken : es treten geometrische Gebilde 
auf, welche zu Dynamen in derselben Beziehung stehen, wie gerade Linien zu Kraften 
und Eotationen." There can be little doubt that the "geometrische Gebilde/' to which 
Pltjckee refers, are what we have called screws. 

The surface used in the ' Theory of Screws' (page 161), and also in Phil. Mag. vol. xlii. 
p. I8I5 under the name of the cylindroid, had been already described by Pluckee, p. 97, 
loc, cif. Pluckee arrives at this surface by the following considerations:^ — Let Q=:0 
and 12'= represent two linear complexes of the first degree, then all the complexes 
formed by giving |W/ difierent values in the expression Q4"i^Q^=0 form a system of which 
the axes lie on the surface z(w^+f)'—(F—IcQ)wy=0. The parameter of any complex of 
which the axis makes an angle ^ with the axis of w is k=k^ cos^ ^y+^o sin^ ^. The writer 
was informed by Dr. Klein that Pluckee had also constructed a model of this surface 
(see note to p. 98). 

Pluckee does not appear to have contemplated the mechanical and kinematical pro 
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parties of the cylindroid ; but it is worthy of remark that the distribution of pitch which 
is presented by physical considerations is exactly the same as the distribution of para- 
meter upon the generators of the surface, which was fully discussed by Plucker in con- 
nexion with his theory of the linear complex. 

On p. 130 {loc. aY.)PLUCKER has arrived at the equation ky^3c^'\'Jc2y'^+Jc^z^'\'TcJcJc^=z^. 
This hyperboloid is the locus of lines common to three linear complexes of the first 
degree. The axes of the three complexes are directed along the coordinate axes, and 
the parameters of the complexes are Jc^^ Jc^^ Jc^. On p. 132 we have the theorem that 
the parameter of any complex belonging to the '^ dreigliedrigen Gruppe " is proportional 
to the inverse square of the parallel diameter of the hyperboloid. 

PLtJCKER had thus shown what is geometrically equivalent to some kinematical 
theorems proved in the ' Theory of Screws/ p. 203. When a body has three degrees of 
freedom, it may be rotated about all the generators of one system on the hyperboloid, 

the body may also be twisted about three screws of pitches a, h, c along the axes, and 
the pitch of every other screw about which it can be twisted must be proportional to 
the interse square of the parallel diameter in the pitch hyperboloid. 

The conception on which the writer had founded the criterion of Eeciprocal Screws 
(•^Theory of Screws,' p. 166) had been previously employed by Dr. KLEm (Math. Ann. 
Band iv. p. 413). "Es lasst sich nun in der That ein physikalischer Zusammenhang 
zwischen Kraftesystemen und unendlich kleinen Bewegungen angeben, welcher es 
erklart, wie so die beiden Dinge mathematisch coordinirt auftreten. Diese Beziehung 
ist nicht von der Art, dass sie jedem Kraftesystem eiue einzelne unendlich kleine Bewe- 
gung zuordnet, sondern sie ist von anderer Art, sie ist eine dualistische. 

" Es sei ein Kraftesystem mit den Coordinaten E, H, Z, A, M, N, und eine unendlich 
kleine Bewegung mit den Coordinaten E^ ff, Z^ A, M^, N^ gegeben, wobei man die 
Coordinaten in der im § 2 besprochenen Weise absolut bestimmt haben mag. Dann. 
reprdsenfirt^ wie hier nicht weiter nachgewiesen werden soil, der AusdrucJc 

AE+M'N+N^Z+E^A+ffM+Z'N 

das quantum von Arbeit, welche das gegebene Kraftesystem bei Eintritt der gegebenen 
unendlich kleinen Bewegung leistet. Ist insbesondere 

AE + M^H+N^Z+EA+HM+Z^N=0, 

so leistet das gegebene Kraftesystem bei Eintritt der gegebenen unendlich kleinen 
Bewegung keine Arbeit. Diese Gleichung nun reprasentirt uns, indem wir einmal Ej 
H, Z, A, M, N, das andere Mai E', H, Z', A, M^ N' als veranderlich betrachten, den 
Zusammenhang zwischen Kraftesystemen und unendlich kleinen Bewegungen." 

Dr. Kleif has also shown (Math. Ann. Band ii. p. 368) that, if the principal axes of 
two complexes are at a perpendicular distance A, and are inclined at an angle 9, while 
the parameters of the complexes are Jc and ^'5 the " simultaneous invariant" of the two 
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complexes is Asm<p-^(k+k^)cos(p, If this invariant vanish, the two complexes are 
in "involution." The physical interpretation of this expression is found in what we 
have called the virtual coefl&cient of a pair of screws of which the pitches are 7^, k\ the 
perpendicular distance A, and the angle 'r—cp. If the virtual coefficient vanish, the 
screws are reciprocal. 

Dr. Kleijst (Math. Ann. Band ii. p. 204) has introduced the conception of six funda- 
mental complexes, each pair of which are in involution. If the principal axes of the 
six complexes be regarded as screws of which the parameters of the corresponding com- 
plexes are the pitches, then these six screws will form what has been termed a coreci- 
procal group in the present paper. 

In this postscript the writer's desire has been twofold. First to do justice to those 
authors from whose works he had found, after he had written these papers, what ought 
to have been ascertained before, namely, that in a few points he had merely rediscovered 
(though usually from a different point of view) what was already known. Second, to 
point out the intimate connexion which exists between the physical conceptions of the 
Theory of Screws and the modern geometrical speculations on the linear complex. 



